Abstract. Since Boltzmann developed the statistical theory for macroscopic thermodynamics the question has relentlessly been put forward of how time-reversibility at microscopic level is compatible with macroscopic irreversibility. Here we show that a quantum computer can efficiently simulate a macroscopic thermodynamic process with chaotic microscopic dynamics and invert the time arrow even in presence of quantum errors. In contrast, small errors in classical computer simulation of this dynamics grow exponentially with time and rapidly destroy time-reversibility. of all particles, so that, due to the reversibility of Newton's equations, they return from the equilibrium to a nonequilibrium initial state. Boltzmann only replied "then go and invert them". This problem of the relationship between the microscopic and macroscopic descriptions of the physical world and time-reversibility has been hotly debated from the XIXth century up to nowadays [2][3][4][5][6][7][8][9]. At present, no modern computer is able to perform Boltzmann's demand for a macroscopic number of particles. In addition, dynamical chaos [10-13] implies exponential growth of any imprecision in the inversion that leads to practical irreversibility. Here we show that a quantum computer [14][15][16][17][18] composed of a few tens of qubits, and operating even with moderate precision, can perform Boltzmann's demand for a macroscopic number of classical particles. Thus, even in the regime of dynamical chaos, a realistic quantum computer allows to rebuild a specific initial distribution from a macroscopic state given by thermodynamic laws.
A legend tells [1] that once Loschmidt asked Boltzmann on what happens to his statistical theory if one inverts the velocities of all particles, so that, due to the reversibility of Newton's equations, they return from the equilibrium to a nonequilibrium initial state. Boltzmann only replied "then go and invert them". This problem of the relationship between the microscopic and macroscopic descriptions of the physical world and time-reversibility has been hotly debated from the XIXth century up to nowadays [2] [3] [4] [5] [6] [7] [8] [9] . At present, no modern computer is able to perform Boltzmann's demand for a macroscopic number of particles. In addition, dynamical chaos [10-13] implies exponential growth of any imprecision in the inversion that leads to practical irreversibility. Here we show that a quantum computer [14] [15] [16] [17] [18] composed of a few tens of qubits, and operating even with moderate precision, can perform Boltzmann's demand for a macroscopic number of classical particles. Thus, even in the regime of dynamical chaos, a realistic quantum computer allows to rebuild a specific initial distribution from a macroscopic state given by thermodynamic laws.
To study the relations between microscopic deterministic classical dynamics, macroscopic thermodynamic laws and quantum computation, we choose a simple area − preserving map:
Here the first equation can be seen as a kick which changes the momentum y of a particle, while the second one corresponds to a free phase rotation in the interval −0.5 ≤ x < 0. comparable to ordinary precision of the Pentium III, this time scale is rather short (t E ≈ 20). For L 1 chaos leads to the diffusive spreading of particles in momentum, which is well described by the Fokker-Planck equation:
where the diffusion coefficient D ≈ x 2 = 1/12. Thus after a time t 1/h an initial distribution of particles in (1) evolves towards a Gaussian statistical distribution
, where y 0 = y at t = 0. On a finite torus this diffusive process relaxes to a homogeneous distribution in y after a time
For the case L = 1 it was shown that a quantum computer can simulate a discretized version of this map with exponential efficiency [19] . Here we show that for L 1 a similar quantum algorithm enables to simulate the evolution of a macroscopic number of classical particles which is governed by the thermodynamic diffusion law. To perform this evolution on a lattice of size LN 2 (with N = 2 nq and L = 2 n q −nq ) this algorithm uses three quantum registers. The first one with nubits holds the values of the coordinate x (x i = −0.5 + i/N, i = 0, ..., N − 1), the second one with nubits holds the y coordinates (y j = −L/2+j/N, j = 0, ..., LN −1) and the last one with n q −1 qubits is used as a workspace. The first two registers describe the discretized classical phase space with L cells ) operations for the classical algorithm. The time inversion is also realized by 8n q +4n q −13 gate operations which effectively change y into −y halfway between kicks [19, 21] . In this way, the quantum computer acts in a way similar to Maxwell's demon [22, 23] who reverses the velocity of each individual particle. Thus the time inversion for exponentially many classical particles is done in polynomial number of operations of a quantum computer.
A perfect quantum computer simulates exactly the discretized map (1). This discrete classical map is perfectly time-reversible, as well as the continuous one, since the symplectic structure of the dynamics is preserved by the discretization. In the field of classical chaos, such a symplectic discretization, which can always be done, is broadly used for the investigation of chaotic dynamics of areapreserving maps [24] . This is related to the fact that a universal classical computing machine can be made reversible (see e.g. [17] ). The optimal discretization is not necessarily the one automatically made by a computer with finite precision (round-off errors), which can break reversibility (e.g. [25] for the standard map). For investigation of the origin of irreversibility it is important to understand if the time reversibility is preserved/stable in the presence of small errors done at the moment of time-inversion t r . Indeed, such errors naturally appear in realistic physical systems which always have some imperfections. For a classical computer, e.g. Pentium III iterating map (1), random errors of amplitude in the values of the classical variables done at t r destroy the time-reversibility of the map dynamics after t E iterations. This fact is illustrated in Figure 1 where it is assumed that the demon inverts the velocities of all trajectories after t r = 35 iterations with a precision . After that, the macroscopic distribution starts to return back but after t E ≈ | ln |/h iterations the errors become too large and the diffusion process restarts again. In contrast to that, a quantum computer can simulate enormous number of orbits going on very fine scales in the phase space. However, a quantum computer has its own natural errors which can be viewed as imprecisions of amplitude in the gate operations. The comparison of the two types of errors natural for classical and quantum computers is displayed in Figure 1 . It shows that the quantum computation with precision = 0.01 in each gate at each map iteration is able to reverse effectively the diffusion process up to the initial state. That is in striking contrast with the irreversibility of the classical computation with errors of amplitude = 10 −8 made only once at t = t r when the demon acts. We note that a similar behaviour takes place also for higher moments of distribution. In this way, the quantum computer succeeds to reverse the thermodynamic diffusive process with enormous number of particles. Indeed, at the moment of inversion t r , the distribution of particles is a Gaussian of width σ = √ 2Dt r in agreement with the solution of (2), as is shown in Figure 2 . Figure 3 shows explicitly the distribution in phase space at different moments of time. The initial distribution mimics a demon, which at t = t r is transformed to a statistical homogeneous distribution in the x-direction, with a smooth variation in y described by (2). The quantum computer operating with 1% accuracy is able to recover the initial image with good precision, whereas the classical computer with round-off errors 10 −8 completely fails to reproduce it. The striking difference between the two final distributions at t = t 2r generated by the two computers can be easily detected from a polynomial number of measurements. For example, the Fourier harmonics of
